The mean ergodic theorem is shown for nonlinear operators T: K -> K with ||r^ + 7>>|| < H-X +>>|| for any x,y e K where K may be an arbitrary subset of a Hubert space H .
Introduction
Let K be a subset of Banach space 77 and T : K -► K be a mapping. We are concerned with the mean ergodic theorem for such nonlinear operators, i.e. the norm convergence of l "
An(X)'-=-^T[J2T'X (XGK). i=0
Such results are very well known for linear contractions. In order to generalize such results to nonlinear mappings the most natural constraint on T is to assume that
(1) \\Tx-Ty\\<\\x-y\\ (x ,y G K).
Such mappings are called nonexpansive. Unfortunately there exist examples of nonexpansive operators where K -77 is a Hubert space and T is nonexpansive with nonempty fixed point set but the mean ergodic theorem does not hold (although Anx converges weakly). The speed limit operators of Krengel and Lin [6] are such examples if the speed function is chosen appropriately. Moreover, these operators satisfy several additional natural conditions. On the other hand Bâillon [ 1 ] was able to prove the mean ergodic theorem for nonexpansive operators T on a convex subset K of a Hubert space if -x G K and T(-x) = -Tx for any x G K . Clearly the last condition and (1) imply (2) \\Tx + Ty\\<\\x + y\\ (x,yGK).
In this paper we show that (2) alone guarantees the validity of the mean ergodic theorem if 77 is a Hilbert space. Note that (2) does not even imply continuity. On the other hand, if -x G K for any x G K, then (2) implies (1). In fact, \\Tx + T(-x)\\ < \\x + (-x)\\ = 0, implies T(-x) = -Tx and therefore ||Tx-Ty\\ = \\T(-x) + Ty\\ < \\x -y\\. But also in this case our result is better than that of Bâillon because we need not impose any convexity assumption on K.
Hirano and Takahashi [4] have replaced ( 1 ) by the weaker condition (!') \\Tnx-T"y\\<aJx-y\\ (x,yGK), lim a = 1, n-*oo " and proved some weak convergence results for Anx . If -x G K and T(-x) --Tx then (l') implies
We will show that the mean ergodic theorem still holds if only (2') is satisfied.
Even the results about weak convergence of Anx for nonexpansive mappings imply that the limit is a fixed point. As Example 3.2 shows this need no more hold under our assumptions even if T is continuous. Unlike the case of nonexpansive operators the fixed point set need no more be convex, but it is always nonempty if AT is a convex and closed set. In this case the unique point x0 G K with ||x0|| = inf{||x||: x G K} is always a fixed point because ||Ta:0|| < ||x0|| by (2) .
For further information on nonlinear ergodic theorems the reader is referred to Brück [2] , §9.3 of Krengel [5] and the literature cited there.
After having finished a first draft of this paper Professors U. Krengel and M. Lin drew the author's attention to the unpublished preprint [3] of DjafariRouhani and Kakutani. There, the particular case 3k = 0 of our main result Theorem 2.3 is stated, with the additional assumption \\Xn+l -^m+1|| < \\Xn -Xm\\ for any n,m G N, but since the proof was incomplete, [3] was never published (although it contains another important result which was later generalized in [6] ).
Main stream
In the sequel 77 will always be a Hilbert space with inner product (•, •) and norm || • || . Using ( 1 ) we obtain for any e > 0 and k > k£ Letting m tend to infinity (4) now yields lim sup \\Am -z||2 < 2 sup ||z£ m -zf + 2 lim sup \\Am+x -z£ J|2 < 8e + 4a + 0.
Since a > 0 and e > 0 can be made arbitrarily small the assertion follows. D
Examples
The first two examples below are quite pathological. Their main purpose is to show the difference to the case of nonexpansive operators. On the other hand, even when L+ is one dimensional, i.e. p is a point mass, one can easily give examples of functions <f> such that the fixed point set is not convex and T, is not continuous. Moreover, cp may be chosen such that T.
is order preserving on L+ .
Even if T seems to be nice the ergodic averages may behave pathologically : Proof. For simplicity we use the probabilistic notation sm-J Z dp. (f,gGK).
Remark. The mapping T in Corollary 3.5 need not be nonexpansive, even if T is a positive, linear Ll-L°° contraction. To see this, let (E,38,p) be a probability space and define Tf = J fdpIE . If there exists a measurable set A with j-< p(A) < 1 then ||77£ -TIA\\2 = 1 -p(A)2 > |(1 -p(A)) > y/\-p{A) = ||7£ -7J|2 .
